We prove that the multiplication ring of a centrally closed semiprime ring R has a finite rank operator over the extended centroid C iff R contains an idempotent q such that qRq is finitely generated over C and, for each x qRq ∈ , there exist z qRq ∈ and e an idempotent of C such that xz eq = .
Introduction
The symmetric ring of quotients ( ) s Q R of a semiprime ring R is probably the most comfortable ring of quotients of R . This notion was first introduced by W.S. Martindale [1] for prime rings and extended to the semiprime case by Amitsur [2] . Recall that a ring R is said to be semiprime (resp. prime) if Q R generated by R is called the central closure of R . A semiprime R is said to be centrally closed whenever R RC = . For every q R ∈ , we will denote q L and q R the left and right multiplication operators, respectively, by q on R . The multiplication ring of R , ( ) M R , is defined as the subring of ( ) L R generated by the identity operator L R q R ∈ . The goal of this paper is to give a semiprime extension of the following well-known result (see for instance [3] , Theorem A.9):
"If the multiplication ring of a centrally closed prime ring R has a finite rank operator over C then R contains an idempotent q such that qRq is a division algebra finitely generated over C ".
It is also well know that the extended centroid of a prime ring is a field, however, for a semiprime ring, we can only assert that said extended centroid is a von Neumann regular ring. This is the cause of the difficulty of extending this result. The starting point of this path relies on the fact that each subset S of ( )
e of the extended centroid C (see [4] , Theorem 2.3.9) and on a consequence (see [4] , Theorem 2.3.3 and Proposition 1.1 below) of the Weak Density Theorem ( [4] , Theorem 1.1.5).
Tools
We shall assume throughout this paper that R is a centrally closed semiprime ring. First of all, we recall that if R  is the set of all idempotents in C has a partial order given by e f ≤ iff e ef = . Moreover, R  is a Boolean algebra for the operations , , and 1 . e f ef e f e f ef e e * ∧ = ∨ = + − = −
In fact, [5] , Theorem 1.8 remains valid in case that A R = is a ring, and so this Boolean algebra is complete, that is, every subset of R  admits supremum and infimum. We will use the properties of the idempotent associated to a subset referred to in ([4] , Theorem 2.3.9 (i) and (ii)) without notice.
Given a C -submodule M of R , we will say that M is C -finitely generated if there exist 1 2 , , ,
. Next, we establish our main tool. Proposition 1.1 Let N be a C -finitely generated C -submodule of R , and let q R ∈ . Then there exists p q R ∈ then it may be that p Cq ∈ but q Cp ∉ . This forces us to make a convenient definition of set C -linearly independent. We will say that n nonzero elements 1 2 , , , n of R are C-linearly independent (or that the set
, or equivalently, if the C -linear envelope M of the subset S satisfies:
. Note that for every 0 q R ≠ ∈ and R e ∈  , if eq and ( ) , , , n is C-linearly independent. It is clear that e ∈  such that efpR eI = . □ We finalized this section with a desirable result, which is similar to the well-known result for minimal right ideals (see for instance [4] , Proposition 4.3.3). Proposition 1.6 Let q be an idempotent of R . The following assertion are equivalent:
there exist z qRq ∈ and R e ∈  such that xz eq = . Proof. (1) ⇒ (2). Since q is an idempotent, it is clear that q is the unit of qRq . Take
. It is clear that 0 xR qxR qR ≠ = ⊆ , and so, since xR is right ideal of R, there exists R f ∈  such that fxR fqR = . In particular, there is z R ′ ∈ such that fxz fq ′ = . Therefore xfqz q fxz q fq ′ ′ = = .
(2) ⇒ (1) 
Theorem
In this section we will prove a semiprime extension of [3] , Theorem A.9. Concretely, Theorem 2.1 Let R be a centrally closed semiprime ring. Then
( )

M R has a C-finite rank operator if, and only if, R contains a R
 -minimal idempotent q such that qRq is C -finitely generated. We begin this proof with an another consequence of Proposition 1.1,which is an improvement of Corollary 1.2 to case 1 n > . Given a nonzero C-module M C-finitely generated, we will say that
Min : , , , \ 0 such that . 
Lemma 2.2 Let M be a nonzero C -submodule of R and suppose that, for every
R f ∈  such that 0 fM ≠ , ( ) dim 1 R fM n = >  . If
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